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Abstract 

Let L = A + Z for a vector field Z on a complete Riemannian manifold possi- 
bly with a boundary. By using the uniform distance, a number of transportation-cost 
inequalities on the path space for the (reflecting) L-diffusion process are proved to 
be equivalent to the curvature condition Ric — VZ > —K and the convexity of the 
boundary (if exists). These inequalities are new even for manifolds without bound- 
ary, and are partly extended to non-convex manifolds by using a conformal change 
of metric which makes the boundary from non-convex to convex. 

AMS subject Classification: 60J60, 58G60. 

Keywords: Transportation-cost inequality, curvature, second fundamental form, path 
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1 Introduction 

In 1996 Talagrand [13] found that the L^-Wasserstein distance to the standard Guassian 
measure can be dominated by the square root of twice relative entropy. This inequality is 
called (Talagrand) transportation-cost inequality, and has been extended to distributions 
on finite- and infinite-dimensional spaces. In particular, this inequality was established 
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on the path space of diffusion processes with respect to several different distances (i.e. 
cost functions): see e.g. [7] for the study on the Wiener space with the Cameron-Martin 
distance, [T7l [5] on the path space of diffusions with the L^-distance, [H] on the Rieman- 
nian path space with intrinsic distance induced by the Malhavin gradient operator, and 
[61123] on the path space of diffusions with the uniform distance. The main purpose of this 
paper is to investigate the Talagrand inequahty on the path space of reflecting diffusion 
process, for which both the curvature and the second fundamental form of the boundary 
will take important roles. 

Let M be a connected complete Riemannian manifold possibly with a boundary DM . 
Let L = A + Z for a vector field Z on M. Let Xt be the (reflecting if DM ^ 0) 
diffusion process generated by L with initial distribution /i G <^^(M), where ^P{M) is the 
set of all probability measures on M. Assume that Xt is non-explosive, which is the case 
if DM is convex and the curvature condition 

(1.1) Ric-VZ >-K 

holds for some constant K G M. In this case, for any T > 0, the distribution 11^ of 
^[Q,T] '■= {^t '■ t G [0,T]} is a probability measure on the (free) path space 

■= C([0,T];M). 

When fi = 6o, the Dirac measure at point o G M, we simply denote Uj^ = 11^. For any 
nonnegative measurable function F on Mt such that 11^ (F) = 1, one has 



(1.2) filidx) := n^(F)/i(dx) G ^(M). 

Let p be the Riemannian distance on M; i.e. for x,y G M, p{x, y) is the length of 
the shortest curve on M linking x and y. Then M'^ is a Polish space under the uniform 
distance 

Poo(7,'7)= sup p{-ft,Vt), 
*e[o,r] 

Let W2,p^ be the L^-Wasserstein distance (or L^-transportation cost) induced by poo- In 
general, for any p > 1 and for two probability measures Hi, 112 on M'^ , 



W,,,JU,,U,) := Jnf \ [ poo(7,r/)Md7,dr/)| 



' Mt X Mt 

is the L^-Warsserstein distance (or L^-transportation cost) of IIi and 112 induced by the 
uniform norm, where ^{Hi, II2) is the set of all couplings for IIi and 112. 

Before moving on, let us recall the Talagrand transportation-cost inequality established 
in [6] on the path space over Riemannian manifolds without boundary. Let dM = and 
Po = p{o,-). If 
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(1.3) \Z\<ijop, 

holds for some positive function ip such that ^^'^^ ~ ^^en (see [6l Theorem 1.1]) 

(1.4) W2,,^{FIil,Iilf < -|(e2^^ - l)nr(FlogF), F > 0,n'AF) = 1. 

According to [I2l HI [18], the log-Sobolev inequahty for a smooth elhptic diffusion 
imphes the Talagrand transportation-cost inequahty with the intrinsic distance. So, (11.41) 
was proved in [6] by using a known damped log-Sobolev inequality on the path space 
and finite-dimensional approximations. To ensure the smoothness of the approximating 
diffusions, one needs the boundedness of curvature. To get rid of this condition, a sequence 
of new metric approximating the original one were constructed in [6], which satisfy (11.11) 
and have bounded curvatures. In this way (II. 4p was established without using curvature 
upper bounds. But to realize this approximation argument, the technical condition (11.31) 
with Jq°° v^*^'^ ~ ^ adopted. 

In this paper we adopt a different argument developed in [23] for diffusions on M.'^ by 
using the martingale representation theorem and Girsanov transformations, so that this 
technical condition was avoided. Furthermore, we present a number of cost inequalities 
which are equivalent to the convexity of dM (if exists) and the curvature condition (11.11) . 

When dM ^ 0, let be the inward unit normal vector field of dM. Then the second 
fundamental form of dM is defined by 



V) = - ( Vt/iV, V) , U,V ^ TdM, 

where TdM is the tangent space of dM. If I > 0, i.e. I(f/, f/) > for all U G TdM, we 
call M (or dM) convex. 

Theorem 1.1. Let Pj-{o,-) be the distribution of Xt with Xq = a, and let Pt be the 
corresponding semigroup. The following statements are equivalent to each other: 

(1) dM is either convex or empty, and (I i. ip holds. 

(2) For any T > 0,/i G ^(M) and nonnegative F with n^(F) = 1, 

W,,^{FIillfrf < |(e^^^ - l)nJ(FlogF) 

holds, where fip G ^(M) is fixed by (TOj) . 

(3) ( 1.4) holds for any a & M and T > 0. 

(4) For any a E M and T > 0, 



W2,,{Mo,-),fPT{o,-)Y < ^{e'^<^-l)P^{f log f){o), f > 0,PTf{o) = 1. 
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(5) For any T >0, e ^(M), and p>l, 



where Wp^p is the W -Wasserstein distance for probability measures on M induced 
by p. 

(6) For any x,y & M and T > 0, 

W2,p{PT{x,-),PT{y,-)) <e''^p{x,y). 

(7) For any T > 0, /i G ^(M), and F > with nJ(F) = 1, 

W2,p^{FUl,Ul) < {^{e'^"^ -ml{F\ogF)y^\e^^W,,M,p). 

(8) For any p G ^(M) and C > such that 

W^2,p(//^,/^)' < Cpiflogf), f > 0,/x(/) = 1, 

there holds 

W2,UFUl,Uir < (y|(e2^^ - 1) + v^ynJ(FlogF), F>0,nJ(F) = l. 

When dM = 0, there exist many equivalent semigroup inequahties for the curvature 
condition (11.11) : see e.g. [3l [10] for equivalent statements on gradient estimates, log- 
Sobolev/Poicare inequalities, and isoperimetric inequality; [191 [22] fo^' equivalent Harnack 
type inequalities; and [11] for equivalent inequalities on Wasserstein distances. Theorem 
11.11 provides seven equivalent inequalities for the convexity of dM (if exists) and the 
curvature condition (II. ip . which are new even for manifolds without boundary. 

To prove this Theorem, we shall use a formula of the second fundamental form es- 
tablished in [22] for compact manifolds with boundary. Since in this paper the manifold 
is allowed to be non-compact, we shall reprove this formula in Section 2 by using the 
reflecting diffusion process up to the exit time of a compact domain. This formula implies 
the equivalence of Theorem 11.1( 1) and the semigroup log-Sobolev/Poincare inequalities 
(see Theorem 12.41 below). In Section 3 we prove Theorem 11.11 by using results in Section 
2, the martingale representation and Girsanov transformation for (reflecting) diffusions 
on (convex) manifolds, which lead to a proof from (1) to (2), then prove (1) from (4) by 
using results obtained in Section 2. The proof of Theorem ?? will be addressed in Section 
4. 
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To establish transportation-cost inequalities on the path space for non-convex mani- 
folds, we shall adopt a conformal change of metric (■, ■)' = /"^(-j ■) such that DM is convex 
under the new metric (see [211 Lemma 2.1]). Let A' be the Laplacian induced by the new 
metric, we have (see [211 Lemma 2.2]) 

(1.5) L = r^{A' + y,2Z + ^Vf}. 

Thus, in Section 4 we modify our arguments to study the reflecting diffusion process 
with a non-constant coefficient, from which we partly extend Theorem 11.11 to non-convex 
manifolds in Section 5 to non-convex manifolds. 



2 Formulae for the second fundamental form and ap- 
plications 

When M is compact, the following formula on dM has been found in [22] : 

I V f P I VP I 2 
(2-1) lim log , = ^I(V/,V/), p>l, 

where / is a smooth function satisfying the Neumann boundary condition. When M is 
non-compact, some technical problems appear in the original proof when e.g. a dominated 
convergence is used. To fix these problems, we shall stop the process in a compact domain, 
so that we shall first study the behavior of hitting times. 

Recall that the reflecting L-diffusion process can be constructed by solving the SDE 

(2.2) dXt = 72 $i o d5i + Z{XMt + N{Xt)dlu 

where is the horizontal lift of Xt onto the frame bundle 0(M), Bt is the ci-dimensional 
Brownian motion. 

By the Ito formula, for any / G C'^{M) we have 

(2.3) d/(Xi) = V2(V/(Xi), $i o dBt) + L/(Xi)dt + Nf{Xt)dk, 
where Nf = {N, V/). For any R>0, let 

TR = mf{t>0: p{Xo,Xt)>R}. 

Proposition 2.1. Let R > and Xq = o E M he fixed. Then there exist two constants 
Ci, C2 > such that 

P(^R <t)< cie~^^'\ t > 0. 



5 



Proof. This result is well known on manifolds without boundary (cf. [21 Lemma 2.3]), 
and the proof works also when dM is convex. As in the present case the boundary is not 
necessarily convex, we shall follow [21] to make the boundary convex under a conformal 
change of metric. Since 

Br := {xe M : p{o,x) < R} 

is compact, there exists a constant a > such that I > —a holds on dM fl B^j. Let / > 1 
be smooth such that 



(2.4) Nlogf >a ondMn Br. 

Such a function can be constructed by using the distance function pg to the boundary 
dM. Since B2R is compact, there exists a constant tq > such that pg is smooth on 
{x e B2R : pa{x) < ro}. Let h E C~([0,oo)) such that h' > 0, /i(0) = l,h'{0) = a and 
h'{r) = for r > Tq. Then h o pg is smooth on B2R and Nlogh o Pd\dMnB2R = ^- Thus, 
it suffices to take smooth / > 1 such that f = h o pQ on Br. 

By [2TI Lemma 2.1] and (12.41) . dM is convex in under the new metric 

(■,■)':=/-'(■,■), 

where (■, ■) is the original metric. Let A' be the Laplacian induced by the new metric. 
We have (see [211 Lemma 2.2]) 

L = f-\A' + Z') 

for some C^-vector field Z'. Let po be the Riemannian distance to o induced by the new 
metric. By the Laplacian comparison theorem. 



(2.5) Lpl <c on Br 

holds for some constant c > outside the cut-locus induced by (■,■)'. Since dM is convex 
on Br and is still the inward normal vector under the new metric, we have 

Npo < on dM HBr. 
Therefore, by using Kendall's Ito formula for the distance (cf. [9] for / = 1), (12.51) implies 

dpliXt) < f-\Xt)po{Xt)dbt + Cdt, t < TR, 

where bt is some one-dimensional Brownian motion. Since < 1, this implies that for 
any 6 > 0, the process 

s <Tr 



exp 



pl{Xs)-jCS-4^-l^pl{X^)du 
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is a super martingale. Therefore, letting C > 1 be a constant such that / < C on B^j 
and thus, Po> Po^ C~^Po holds on B/j, we obtain 



TR<t)=F( max PoiXsArn) >R)<^(R> max Po(XsAr«) > ^) 



6R^ 



< P I max Zsatr > exp 
!3e[o,t] 



5c 



ItC^ t 
, S>0. 



< exp 

L tO" J 

The proof is then completed by taking e.g. 6 = 1/(8C^ 



□ 



Proposition 2.2. Let Xq = o E dM . Then for any R > 0, 

limsup - iKlt/s^T-R — 2v^T/V| < oo. 
Proof. Repeating the proof of [221 Lemma 2.2] by using t /Xtrvo. place of t, we obtain 



(2.6) <ct, tG[0,l] 

for some constant c > 0. Let tq > be such that pg is smooth on {pQ < rg} fl B^. Let 

r = inf{t > : po(Xt) > tq}. 

By the Ito formula we have 



(2.7) 



dpa^Xt) = V2dht + Lpa{Xt)dt + dk, t<TATR, 



where, as before, bt is some one-dimensional Brownian motion. By the proof of 
Theorem 2.1] using r A in place of r, we have, instead of (2.4) in [22], 



(2.^ 



E{p9{X, 



tArATRj 



\Y <c,t^ te [0,1] 



for some constant Ci > 0, where bt is some one-dimensional Brownian motion. Due to 



|lE/tATArH — Epd{XtArATn)\ < 

holds for some constant C2 > 0. Combining this with (12. 8p we arrive at 



tArArji 



V2E\b 



tArArn \ 



< c^t, t e [0, 1] 
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for some constant C3 > 0. Since E\bt\ = ^2t/Tr and E\bt\'^ = t, this and ([M]) imply 



(2.9) 



Moreover, noting that 



El 



thru 



m 



thTR 



\PlE\ht\ 



< C3t + C4VtP(t >tATr), te[0,l]. 



P(r ATR<t,TR> r) <f( max pal^sArAr^) > ro 

\ sG[0,t] 

by using r A to replace r in the proof of Proposition A. 2], we conclude that 

P(r ATR<t, tr>t)< C5 exp[-r2/(16t)], t > 
holds for some constant C5 > 0. Combining this with Proposition 12. ![ we obtain 

P(t > r A tr) < cee"'^^/*, t > 
for some constants Cg, C7 > 0. Therefore, the proof is completed by fl2.9p . 

Theorem 2.3. Let f e C°°(M) with Nf\aM = 0. 
(1) For any p > 1 and R> 0, 



□ 



(2.10) 



hm^logi^^M^ 
Vi ^ |V/| 



^n(v/,v/) 



/loWs at points on dM such that | V/| > 0. 

(2) Assume that for any g G Cq{M) the function iVP.gl is bounded on [0, 1] x M. If 
moreover f has a compact support, then i\2.1\i holds points on dM such that | V/| > 0. 



Proof. (I2.10p follows immediately from the proof of [22l Theorem 1.2] by using Proposition 
12.21 in place of [22l Theorem 2.1], and using t A in place of t. 

Next, let / e C^{M). By the assumption of (2) and that Lf e C^iM), \VP.Lf \ is 
bounded on [0, 1] x M. So, the proof of [221 (3-1)] implies that 



(2.11) 



|V/P 



|VPt/| 



lim — — log — — . 

Vi |V/| 



Since by Proposition 12.11 there exist two constant ci,C2 > such that 

|P,|V/r - E\VfnX,^r,)\ < ||V/r^P(t > tr) < c,e~^-/\ t > 0, 
we conclude that (El]) follows from (ICTjl and fl210|l . 



□ 
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As an application of (12.101) . the following result provides equivalent semigroup log- 
Sobolev/Poincare inequalities for Theorem 11.1( 1). 



Theorem 2.4. Each of the following statements is equivalent to Theorem M . : 
(9) For anyT>0 and f e Ch{M), 

2KT _ 1 

Prf \ogf < (Prf) log Prf + V/|l 
(10) For anyT>0 and f G Cb{M), 

2KT _ I 

PTf<{PTfr + -^^PT\Vf\'. 

Proof. According to e.g. [TBI Lemma 3.1], which holds also for the non-symmetric case, 
Theorem ll.l( l) implies the semigroup log-Sobolev inequality (9). It is well known that the 
log-Sobolev inequality implies the Poincare inequality. So, (10) follows from (9). Hence, 
it remains to show that (10) implies Theorem 11.1( 1). Below we shall prove the convexity 
of dM and the curvature condition (11.11) respectively. 

(a) Let dM ^ 0. For any o G dM and non-trivial X G TgdM, we aim to show that 
I{X,X) > 0. Let / G C^{M) such that Nf\dM = and V/(o) = X. Let Xq = o and 

Ti = inf{t > : p{o,Xt) > 1}. 
Since / and satisfies the Neumann boundary condition, we have 

ptATi 

E/(Xi^.J = /(o) + E / Lf{Xs)ds, 



EfiXtr^r,) = f\o) + 2E / {fLf){Xs)ds + 2E / \V fWX,)ds. 







So, 



Ef\Xt^r,) - {E/(X,^.J}2 = 2 / {/(X,) - /(Xo)}L/(X,)ds 

Jo 

/ rt/\Ti \ 2 rt/\Ti 

- E/ L/(X,)ds +2e/ \VfWX,)ds. 



(2.12) 

Since Lf is bounded on Bi := {x : p(o, x) < 1}, we have 

/ i-tAn \ 2 

(2.13) ( E j Lf{Xs)ds ) < ct 



+2 



for some c > 0. Moreover, due to Proposition 12 ■![ 

(2.14) P(ri < t) < cie-'^^/*, t > 

holds for some constants Ci, C2 > 0. Thus, 



(2.15) 



\Pj\o) - {Ptf)\o) - (E/2(X,,.J - {E/(X,,.J}^)| = o(t2), 

ptATi pt 

E / |V/r(X,)d. = t|V/(o)p+ / E{|V/r(X,^.J-|V/(o)|2}ds + o(t2 
Jo Jo 



where and in what follows, o(s) stands for a function of s > such that limg^o o(s) /s = 0. 

Similarly, applying the Ito formula to {f{Xs) — f{o)}Lf{Xs), we obtain (note that 
NflaM = 0) 

ptATi 

E / {f{X,)-f{o)}Lf{X,)ds 



(2.16) 







0{t^)+ [ E[{fiX.,;,rJ - f{0))LfiXsAr,)]ds 

Jo 



o{t') +E ds L{{f- f{o))Lf}{Xr)dr 

Jo Jo 

pt psAti 

+ E / ds {{f-f{0))NLf}{Xr)dlr. 

Jo Jo 



Noting that 

/(X,) - /(o) = V2 [ (V/(X„), o dfi„) + / Lf{X^)du, u<n, 
Jo Jo 



and that 



Esup f / (V/(X„),$„odS„)) <C2t, te[0,l] 

rg[0,t] \Jo J 

holds for some constant C2 > 0, we obtain from (12.161) and (12. 6p that 



(2.17) 



ptl\T\ 

E / {/(X,) - /(o)}L/(X,)d. 
Jo 



< C3^^ t e [0, 1] 



holds for some constant C3 > 0. Finally, by Theorem 12.3( 1). we have 



(2.18) E|V/r(X,,.J = |V/r(o) + ^I(V/,V/)(o) + o(t^/2) 
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for small t > 0. Combining this with (KWi . (|2A3|) . (KT5\i and (KIT} , and noting that 
U = V/(o), we conclude that 



1 6/3/2 

(2.19) Ptfio) - {Ptf)\o) = 2t\Vf{o)\' + ——I{X,X) + o{t'/' 

o\/tt 

Finally, (EUD and (l27[4ll imply that 

-Pt\Vf\\o) = 2t| V/(o)p + ^I(f/, U) + olt^'/^) 



Since y < 8, combining this with (10) and fl2.19p we conclude that I{U, U) > 0. 

(b) Let Xo = o E M\ dM, we aim to show that Ric - VZ > -K holds on T^M. Let 
R> such that ft dM = 0. Since It increases only when Xt G dM, k = for t < t^. 
Hence, due to Proposition 12.11 for any / G C^(M), 

Ptf\o) - {Ptff{o) = o(t2) +Ef (X,^.J - (E/(X,,.J)' 

(2.20) rt / /•* ^ ^ 

= o(t2)+ / {ELf (X,^,J-2/(o)EL/(X,^,J}ds- / EL/(X,A.Jds 
Jo VJo / 

By the continuity of s t-^ Lf^Xgf^^^), we have 

t \ 2 



(2.21) EL/(X,^,Jds ) = (L/)^(o)t^ + o(t^). 

Similarly, it is easy to see that 



EL/^(X,;,,J - 2/(o)EL/(X 



s^TR) 



= Lf{o) - 2/(o)L/(o) + s{LLf - 2/LL/}(o) + o{s) 

= 2|V/P(o) + 2.{L| V/P(o) + (LfYio) + 2(V/, VL/)(o)} + o(.). 

Combining this with (12.201) and (I2.2ip we obtain 



(2.22) Pj\o) - (Ptffio) = 2t\Vf\\o) + t\L\Vf\' + 2(V/, VL/)}(o) + o(t2). 
Finally, by Proposition 12.11 and noting that = for s < tr, we have 

P,|V/p(o) = o(t2) + E| V/p(X,,.J = |V/p(o) + tL|V/r(o) + o(t). 
Combining this with (10) and fl2.22p . we conclude that 

^L|V/|^(o) - (V/, VL/)(o) > -/^|V/|(o), / G Cr(M). 
This completes the proof by the Bochner-Weitzenbock formula. □ 
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3 Proof of Theorem 



1.1 



By taking = 60, we have = U^{F)6o = So- So, (3) follows from each of (2), (7) and 
(8). Next, (4) follows from (3) by taking F{X[q t]) = fi^r), and (5) implies (6) by taking 
p = 2 and ^ = d^^v = Sy. Moreover, it is clear that (8) follows from (7) while (7) is implied 
by (2) and (5). So, it suffices to prove that (1) =^ (3) =^ (2), (4) =^ (1) =^ (6) =^ (5) and 
(6) ^ (1), where " stands for "implies". 

(a) (1) ^ (3). We shall only consider the case where dM is non-empty and convex. For 
the case without boundary, the following argument works well by taking U = ^ and = 0. 
The idea of the proof comes from [23] , where elliptic diffusions on M"^ were concerned. Let 
Bt be the ci-dimensional Brownian motion on the naturally filtered probability space 



{VL, P)- Let {Xt: t> 0} solve with Xq = o. 

Next, let F be a positive bounded measurable function on M"^ such that inf F > 
and UoiF) = 1. Then 



are square-integrable t^j-niartingales under P, where Ep is the expectation taken for the 
probability measure P. Obviously, we have 



Since is the natural filtration of Bt, by the martingale representation theorem (cf. P, 
Theorem 6.6]), there exists a unique ^^rpredictable process fit on such that 



Let dQ = F(X[o,T])dP. Since EpF(X[o,T]) = n^(i^) = 1, Q is a probability measure on Q. 
Due to (13.11) and (13. 2p we have 




(3.1) 



mt = e^*-^<^>% te[0,T]. 



(3.2) 




F(X[o,T]) = mT = & 
Moreover, by the Girsanov theorem, 



(3.3) 




is a (i-dimensional Brownian motion under the probability measure Q. 
Let Yt solve the SDE 



(3.4) 



dYt = V2Px„Y,<^t o dBt + Z{Yt)dt - N{Yt)dh, Fq = o, 



12 



where PxtXt is the parallel displacement along the minimal geodesic from Xt to Yt and It 
is the local time of Yt on dM. As explained in e.g. [1], Section 3], we may assume that 
the minimal geodesic is unique so that Px.y is smooth in x,y E M. Since, under Q, Bt is 
a d-dimensional Brownian motion, the distribution of ^[ct] is . 
On the other hand, by (12. 2p and (13. 3p . we have 

(3.5) dXt = V2^todBt + Z{Xt) + V2^t/3tdt - N{Xt)dlt. 
Since for any bounded measurable function G on M"^ 

EqG(X[o,t]) = EKFG)(X[o,T]) = nJ(FG), 
we conclude that under Q the distribution of X^q^t] coincides with FUj^. Therefore, 

(3.6) W^,,^ {FUl Ul^f < Eqp^(X[o,t], Y[o,t]Y = Eq max p(X„ Ytf. 
By the convexity of dM we have 

{N{x),Vp{y,-){x)) = {N{x),Vp{;y){x)) < 0, x e dM. 

Combining this with the Ito formula for {Xt, Yt) given by (13.41) and (13.51) . we obtain from 
f ITTT]) that 

dp{Xt,Yt) < Kp{Xt,Yt)dt + V2{<^t/3t,Vp{;Yt){Xt))dt 
< (^Kp{Xt,Yt) + V2\\/3t\\yt, 

see e.g. [T5| Lemmas 2.1 and 2.2]. Since we are using the coupling by parallel displacement 
instead of the mirror reflection, the martingale part here disappears (cf. Theorem 2 and 
(2.5) in [9]). Since Xq = Yq, this implies 

/ft \ 2 2Kt _ 1 rt 

p(X„F,)2<e2^'*(V2| e-^^||/5,||d.j < \\f3£ds, t e [0,T]. 

Therefore, 

2KT _l rT 

(3.7) EQmaxp(X„ri)2< / Eq||/?,||Ms. 

It is clear that 
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.3 8^ EQ||/3,||2 = Ep(mT||/3.f) 

= Ep(||/?,fEp(mT|^.)) =Ep(m,||/?,||2), s e [0,T]. 

Finally, since and yield 
we have 

d(m)f 



dmi logrrtj = (1 + \ogmt)dmt + 



2mt 



= (l + logmt)dmt + — IIAfdt. 
As is a P-martingale, combining this with (13. 8p we obtain 

(3.9) / EQ||/?,fds = 2EpF(X[o,T])logF(X[o,T]). 

JO 

Therefore, ([HI) follows from ([31]), ([32D and (M . 
(b) (3) ^ (2). By (3), for each x G M, there exists 

such that 

(3.10) / poo(7,^)'^x(d7,dr/) < ^(e^^^ - l)n^(-^— log ■ 
If x I— 7ix{G) is measurable for bounded continuous functions G on M^^ x M"^, then 

7r:= / vr,./i^(dx)G^(FnJ,n^.) 
is well defined and by (13.101) 

/ Pldn < |(e^^^ - l)n^(Flog-^)/.(da;) 
<|(e^^^-l)nJ(FlogF). 
This implies the inequality in (2). 



F 



14 



To confirm the measurability of x t-^ tt^., we first consider discrete yU, i.e. n = 
^'^=1 £nSx„ for some C M and > witli JZ'^^i = 1- In tliis case 

oo 
n=l 

wliicli is measurable in x and n = Yl'^=i t^l^i{^n})'^x„- Hence, tlie inequality in (2) liolds. 
Tlien, for general /i, the desired inequality can be derived by approximating /i with discrete 
distributions in a standard way, see (b) in the proof of [6l Theorem 4.1]. 

(c) (4) =^ (1). According to [I2l Section 7] (see also [H Section 4.1]), by first applying 
the transportation-cost inequality in (3) to 1 — e + ef in place of /, then letting e 0, 
we obtain the Poincare inequality 



2KT _ 1 

(3.11) Prf < ^ Pr|V/p + {PrfY, feCl{M),T>0. 

Thus, the proof is finished by Theorem 12.41 

(d) (1) ^ (6). Let Xt solve ([22]) with Xo = x and Yt solve 



(3.12) dYi = V2Px,,Y,<^t o dBt + Z{Yt)dt - N{Yt)dlt, Yo = y, 



where It is the local time of Yt on dM. Since dM is convex and (11.11) holds, as explained 
in (a), we have 



dp{Xt,Yt)<Kp{Xt,Yt)dt 
Thus, pooiX.,Y.) < e^'^p(x,y). This implies (6). 

■,y 



e) (6) =^ (5). By (6), for any x,y E M, there exists n^^y G '^(JI^, Bl) such that 



/ plodTTx^y < e^^p(x, yy. 



As explained in (b), we assume that p and u are discrete, so that for any 7r° G (/i, u), ir^^y 
has a 7r°-version measurable in (x, y). Thus, 



TT 



:= / 7r,,,7rO(dx,dy)e^(nJ,n^) 

J MxM 



satisfies 



/ /4dvr<e^^/ p(x,y)%0(da:,dy). 
This implies the desired inequality in (5). 
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(f) (6) ^ (1). Let T > be fixed. For any x,y e M, let n^^y G '^{Prix, ■),PTiy, ■)) 
be the optimal coupling for W2^p, i.e. 

(3.13) W2,p{Pt{x, ■), Priy. ■))' = / p'dvr,,?/- 

J MxM 

Then for any / G C^{M), (6) implies 



P{x,y) [J MxM p{ZuZ2y 



Noting that / G C^^M) implies 

|/(^l) - f{z2r < ^2)'|V/P(Zi) + Cp{z„ Z2f 

for some constant c > 0, by (6) and (13.131) we obtain 

/ ^^^'']~^\f^\ .Mz,Az2) < PT\Vf\\x) + ce^^p{x,y). 

J MxM P[Zl,Z2) 

Therefore, letting y ^ x in (I3.14p we arrive at 

|VPT/(a^)|<e^^(Pr|V/p(x))i/2. 

By a standard argument of Bakry and Emery, this implies the Poincare inequality (13.111) . 
Thus, (1) holds according to Theorem 12.41 

4 The case with diffusion coefficient 

Let ip > Ohe a. smooth function on M, and let H^,^ be the distribution of the (reflecting if 
dM 7^ 0) diffusion process generated by := ^/^^(A+Z) on time interval [0, T] with initial 
distribution /i, and let II!^,^ = Hj^ for x G M. Moreover, for F > with n^^(F) = 0, 
let 

pl^idx) = Ul^{F)p{dx). 
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Theorem 4.1. Assume that dM is either empty or convex and let hold. Let ip G 
C^{M) be strictly positive. Let 



oo + 2||^||oo 



oo oo • 



Then 



holds for 



C{T,i)) := inf {{l + R-^ 

R>0 I 



exp 



2(l + i?)||V^||; 



Proof. As explained in (a) of the proof of Theorem 11.11 we shaU only consider the case 
that dM is non-empty and convex. According to the proof of "(3) =^ (2)", it suffices to 
prove for fj, = 6o,o & M. In this case the desired inequality reduces to 



(4.1) W2,,AFUl^,Ul^) < 2C(T,^)nJ^(FlogF), F > 0,nJ^(F) = 1. 

Since the diffusion coefficient is non-constant, it is convenient to adopt the Ito differ- 
ential d/ for the Girsanov transformation. So, the reflecting diffusion process generated 
by := ip'^{A + Z) can be constructed by solving the Ito SDE 

(4.2) djXt = V2iP{Xt)^tdBt + iP\Xt)Z{Xt)dt + N{Xt)dlt, 

where Xq = a and Bt is the (i-dimensional Brownian motion with natural flltration 
Let f3t, Q and Bt be flxed in the proof of Theorem I l.li Then 

(4.3) djXt = V2ij{Xt)^tdBt + {^lj\Xt)Z{Xt) + v^^(Xj)$tA}dt + N{Xt)dlt. 
Let Yt solve 



(4.4) djYt = V2^{Yt)Px,,Yt'^tdBt + ij\Yt)Z{Yt)dt + N{Yt)dlt, Fq = o. 



where It is the local time of Yt on dM. As in (a) of the proof of Theorem 11.11 under 
the distributions of ^[ct] and X[o,t] are 11^^ and FU'^,^ respectively. So, 



(4.5) W,,,jFUi^^,Ui^^y < E^j max p(X„y,) • 
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Noting that due to the convexity of DM 



(iV(x), Vp(y, ■){x)) = {N{x),Vp{-,y){x)) < 0, x G 9M, 
by (14 .3 1) . fl4.4l) and the Ito formula, we obtain 

dp(Xi, Yt) <V2 {^{Xt) (Vp(-, Yt) (Xt), ^AB,) 

+ ^{Y^){Vp{X,,-){Y,),Px„y,^ABt)} 

d-l 

1=1 

+ V^(r,)2(z(F,),Vp(x„-)m))}dt, 

where are vector fields on M x M such that VUi{Xt, Fj) = and 

U,{Xt, Yt) = ^{Xt)Vi + ij{Yt)Px„Y,Vu l<t<d-l 

for {V^}ti an OBN of Tx,M with = Vp(-, Yt)iXt). 

In order to calculate U^p{Xt,Yt), we adopt the second variational formula for the 
distance. Let pt = p{Xt,Yt) and let {Ji}ill be Jacobi fields along the minimal geodesic 
7 : [0,pt] ^ M from Xt to such that 7^(0) = ^P{Xt)V, and Mpt) = ^lJ{Yt)Px,,Y,V^, 1 < 
i < d — 1. Note that the existence of 7 is ensured by the convexity of dM. Then, by the 
second variational formula and noting that Vf/i(Xj, Yt) = 0, we have 

(4.7) /:=5^t/^p(X„r,) = E / {|V^J.|'-(m^^)^^,7)}(s)ds, 

i=i i=i "^0 

where is the curvature tensor. Let 

Ms) = (-^{Yt) + Pl^i,{Xt))p,(^o)Ms)V^, l<t<d-l. 
^Pt pt J y > y ' 

We have Ji(0) = Ji(0) and Ji{pt) = Jiipt), 1 < ? < * — 1- By the index lemma, 

/ < V r {iv^j,p - (^(7, 7)}(s)ds 

(4.8) ^ (d-l)(V<X,)-V;(y,))^ 

- 1 r {#(Ft) + {pt - sMXt)YRic{^{s),^{s))ds. 
Pt Jo 
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Moreover 



^{Xtf{Z{Xt), Vp(-, Yt){Xt)) + ^{Ytf{Z{Yt),Vp{Xu ■)iYt)) 
^ ^{(#(F0 + (P*-^)^TO)'(^(7(^)),7(^))}d^ 



pi. Jo ds 
(4-9) = pUo 



2, 



^2 / (#(F*) + (p*-s)z^TO)'((V^Z)o7,7)(s)d^ 



2 
Jo 

pt 



< \ I (s^iYt) + (pt - s)^(X,))'((V^Z) o 7, 7)(s)ds + 2||Z|U||^||oo|| V^llooP*. 
Jo 

Finally, we have 

{Vp{Xt,-){Yt),Px„Y,<^tdBt) = {PY„xyp{Xtr){Yt),^tdBt) = -{Vp{;Yt){Xt),<!>tdBt). 
Combining this with ()4.6p . (14. 7p . (14 .Sp and (14.90 . we arrive at 



MXt,Yt) <v^(^(x,)-^(r,))(Vp(-,rt)(x,),$tdfi,) 

+ i^^p(Xi, yt)dt + V2 II^IUIIAIIdt =: dNt. 

Then 

Mt:=V2 [ e-^'^^(V^(X,)-7/.(n))(Vp(-,n)(X,),$,d5,) 
is a Q-martingale such that 

(4.11) p(Xi,Fi) <e^**M, + v^e^^* T e-^^'^'II^IUII/^.llds, te[0,r]. 

Jo 

So, by the Doob inequality we obtain 
ht := Eq max p(X^, F^)^ 

< (l + i?)e2^**EQmaxM2ds + 2||^/'||^(l + i?-i)e2^^*EQf [ e-^^^||/3,||ds 

sG[0,t] VJo / 

<4(l + i?)e^^'^*EQM,2 + (l + i2-^)||^||L^— / E^IIAfd. 

-'^V' Jo 

<4(l + i?)||VV'||Le'^^* / e-^^^^Ms + (l + i?-^)||^||L^^ / E^,||/?,||^d. 

Jo -"-V Jo 
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for any R > 0. Since e "^^^^ is decreasing in s while hg is increasing in s, by the FKG 
inequahty we have 



1 _ p-'iK^t ft 

e-'^^^'hAs < —— / hAs. 



Therefore, 



ht<2{l + R)\\Vi,\\l ^ / Ms + (l + i?-'^""''"' 



K. 



■0 ^0 



EQ||/?,fds 



holds for t G [0, T]. Since = 0, this implies that 



Eq max p{Xt, Ytf = hr 



<(i + i?"')ll^llL^ 



■ exp 



2(i + i?)l|v^||; 



Ms. 



Combining this with the (14. 5 p and (13.91) . we complete the proof. 



□ 



Theorem 4.2. In the situation of Theorem\4.1 



Proof. As explained in the proof of "(6) => (5)", we only consider fi = 6^ and = 6y. Let 
solve (14. 2 p with Xq = x, and let Yt solve, instead of (14.40 . 

d,Ft = v^^(F0i^x„y.$id5i + ^\Yt)Z{YMt + N{Yt)dk, Fq = V- 
Then, repeating the proof of Theorem 14. ![ we have, instead of (14. lip . 



(4.12) 
for 



p{Xt,Yt)<e''^\Mt + p{x,y)), t>0 



Mt:=V2 [ e-''^\^iXs)-^{Ys)){Vp{;Y,){Xs),<^sdBs). 
Jo 



So, 



Ep{X,,Y,y<e'^^'{p{x,yy + 2\\V^ljr^ e-^^^'^Ep(X„ n)Ms 



which implies 
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Combining this with (14.121) and the Doob inequahty, we arrive at 



W2,p^ {lil^, lil^f < E max p(Xi, Y^f < e^^^^E max (M, + p(x, y)f 
< 4e2^v<rE(Mr + y)f = 4e2^*^(EM| + yf) 

^2K,,,T I „\2 I ollV7„/,ll2 / -2K,,,tT 



= Ae'^^' l^pix, yY + 211^114, e-^^^*Ep(Xi, YtYdt 
This imphes the desired inequahty for fi = Sx and u = Sy. □ 

5 Extensions to non-convex manifolds 

As explained in the end of Section 1, combining Theorem 14.11 with a proper conformal 
change of metric, we are able to establish the following transportation-cost inequality on 
a class of manifolds with non-convex boundary. 

Theorem 5.1. Let dM ^ with I > —a for some constant a > 0, and let ( 1 1 . ip hold for 
some G M. Then for any f G C^{M) with / > 1 and N log f\dM > o', and for any 
pG ^(M), 

W,,,JFUIUI./ < 2||/||Lc(T,/)nJ(FlogF), F > 0,nJ(F) = 1 

holds for 

c(T,/) = inf {(1 + i?-^)^ exp 2(1 + i?)||V/||L^ }, 

R>0 L Kf L Kf ^ J 

where 



= 5||/||oo||V/||oo||^||oo + {2{d -2) + {d- 3)+}||V/||L + mf - /A/)+|U. 
In particular, 

W2,,jFUlU^^Y < 2\\ f\\lc{TJ)U^{F log F), oeM,F> 0,0^^) = 1. 

Proof Let / G C^iM) such that / > 1. Since I > -a and N log f\oM > a, by 
Lemma 2.1] the boundary dM is convex under the new metric 
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(-,■)' = /-^(-,-). 

Let A' and V' be induced by the new metric. Then (see formula (2.2) in |14] ) 

L = r\A' + Z'), Z':=fZ + ^Vf. 
Let Ric' be the Ricci curvature induced by the new metric, we have (cf. formula (3.2) in 

(5.1) Ric' = Ric +{d- 2)/-iHess j + {r'Af - (rf - 3) | V log /H ■). 

Since the Levi-Civita connection induced by (■, ■)' satisfies (cf. [Sj Theorem L59(a)]) 

VuV = VuV - {U, V log f)V- {V, V log f)U+ {U, V)V log /, U,V e TM, 
we have 



{VuZ', Uy = r'{{\/uZ', U) - {Z\ V log f)\U\^] 

d-2 
~2f 



2{U, V log /) {Z, U) + {S/uZ, U) + ^TT^Hess p (U, U) 



- (Z, V log f)\U? - ^ ( V log /^ V log f)\U? 
< (Vf;Z,[/) + 3|Vlog/| ■ \Z\ ■ + (rf-2)riHess/(t/,f/). 

Combining this with (15. ip . we obtain 

Ric'([/, u) - {VuZ\ uy 

> Ric([/,f/) - {VuZ,U) + {r'Af - (d- 3)|Vlog/| - 3\Z\ ■ \V\og f\}\U\' 
>-K'{U,Uy, UeTM, 

where 



(5.2) K' = snp{Kf - fAf + {d - 3)\Vjf + 3|Z|/| V/|}. 

M 

Noting that / > 1, we have 

^/(^^^ = r'lfZ + {d- 2)/V/| < ll/llooll^lloo + {d- 2)11 v/ii, 
^/(V7-^V'r^)' = f\Vf-'\ < II V/lloo. 
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Letting be defined in Theorem 14.11 for tlie manifold (M, (-, ■)') and L = ip'^{A' + Z') 
with ip = /~^, we deduce from / > 1, (15. 2p and (15. 3p that 



< Kf. 

Therefore, C{T,tp) < c{T,f) and thus, Theorem 14. II imphes 



W2,p'jFUi,U'^ry < 2c(T,/)n^(FlogF), F > 0,n^(F) = 1 



where p'^ is the uniform distance on induced by the metric (■, ■)'. The proof is 
completed by noting that poo < ||/||ooPJxd- ^ 



Similarly, since i^f 



P <P< 11/ Hoop, 
the following result from Theorem 14.21 by taking tp = f~^. 

Theorem 5.2. In the situation of Theorem \5.1\ 



.(«^/+l|v/- 



As a consequence of Theorems 15.11 and 15.21 we present below an explicit transportation- 
cost inequalities for a class of non-convex manifolds. 



Corollary 5.3. Assume that (1 1 . 1\] holds for some K > and the injectivity radius igM of 
dM is strictly positive. Let a > and 7, A;, > be such that —a < I < 7 and SectM < k. 
Let 

r 1 f Vk 

< r < mm < i^m, —f= arcsm — , 



[i) The transportation- cost inequality 



W2,,AFUj^,Ul,^y<{2 + rda) 



exp 



4(e 



20T 



n^(FlogF) 



holds for all p e ^(M) and F > with nJ'(F) = 1, where 



e = Kll + rda + 



r'^d'^a^\ da 



4 



^ (2{d -2) + {d- 3)+ + y)^' + 5||Z|U^(l 



rda 



In particular, 

W,,,jFUlUiy<i2 + rdar 



e^'^ - 1 r4(e2^^ - 1) 



9 
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exp 



nJ(FlogF) 



holds for aUF>0 with n^(F) = 1. 

(ii) For anyT >0 and e ^(M), 

W2,p^{Jll,Hl) < {2 + ard)e^'+^'^^W,,,{fi,iy). 

Proof. Let 

h{s) = cos (Vk s) ^ sin (Vk s), s > 0. 

Vk 

Then h is the unique solution to the equation 

h" + kh = 0, /i(0) = l,/i'(0) = -7. 

Up to an approximation argument presented in the proof of [20l Theorem 1.1], we may 
apply Theorem 15.11 to 

f = 1 + aipo pqm, 

where pq is the Riemannian distance to dM, which is smooth on {pqm < idiii}, and 

a = (1 - /i(r))i-^ [\h{s) - h{r)y-^ds, 
Jo 

^{s) = - {h{t) - h{r)Y-'^dt / {h{u) - h{r)Y-^du, s > 0. 



a 



tAr 



We have f{0) = 1,0 < < v^'(O) = 1. Moreover, as observed in [201 Proof of Theorem 
1.1], 



r . r"^ dr 1 d 

a > 3, V5(r) < — < — , A(fo p9]^j> > — . 

a 2a 2 a r 



So, 



(5.4) ||/||^<i + ^^(r)<l + ^, IIV/IU < ^'(0) = a, A/>--. 

2 r 

Noting that (recall that K > 0) 

r'^d'^a'^ 



sup(i^/2) < K(l+rda 



4 

from (15. 4p we conclude that kj < 6. So, (i) follows from (11.51) and 15.11 for R= 1, and (ii) 
follows from Theorem 14.21 and (15.41) . □ 
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